Abstract. A compact hyperbolic surface of genus g is said to be extremal if it admits an extremal disc, a disc of the largest radius determined by g. We know how many extremal discs are embedded in a non-orientable extremal surface of genus g = 3 or g > 6. We show in the present paper that there exist 144 non-orientable extremal surfaces of genus 4, and find the locations of all extremal discs in those surfaces. As a result, each surface contains at most two extremal discs. Our methods used here are similar to those in the case of g = 3.
Introduction
Let S be a compact hyperbolic surface of genus g, where g is the number of handles (≥ 2) or that of cross caps (≥ 3) according to whether or not S is orientable. The surface is naturally endowed with a metric induced by the hyperbolic metric of the unit disc D. C. Bavard showed in [1] that the radius of a disc isometrically embedded in S is bounded by the constant R = R g depending only on g:
where χ g denotes the Euler characteristic; that is, χ g = 2 − 2g or 2 − g if S is orientable or not, respectively. We call S an extremal surface if it contains an extremal disc, a disc of radius R g . Our problem is to show how many extremal discs are embedded in an extremal surface. In the case that S is orientable, it was solved for every genus g > 3 ( [2] ), g = 2 ( [3] and [6] ), and g = 3 ( [7] ). In the case that S is non-orientable, we know the following for g > 6 and g = 3 ( [4] ): an extremal surface of genus g > 6 contains a unique extremal disc; there exist 11 extremal surfaces of genus 3, and each of them contains at most two extremal discs. Whereas our methods used here are similar to those in the case of g = 3, we have to deal with a large number of surfaces for g = 4.
Our main result is as follows: 
Surface
Centers of extremal discs Aut 
The others {1}
In order to obtain this theorem we follow the same line of the proof for the case of genus 3 (cf. [4] ).
Side-pairing patterns of the 18-gon
Since a fundamental region for a non-orientable extremal surface of genus g ≥ 3 is a hyperbolic regular (6g − 6)-gon, we shall find every side-pairing pattern for the regular 18-gon which yields a non-orientable surface of genus 4. Identifying the equivalent sides, we have a trivalent graph with 9 edges and 6 vertices on the surface. It is easily shown that there are 17 such trivalent graphs ( Figure 1 ). Note that M , N , O, P , and Q appear in [5] . Table 3 shows the correspondence between the trivalent graphs and the side-pairing patterns, e.g., P 1 is obtained from A. 
Extremal discs for the 144 surfaces
In this section we shall sketch the proof of Theorem 1.1. Without loss of generality we may assume that the center of a hyperbolic regular 18-gon is the origin and that the vertices v n satisfy arg v n = (2n − 1)π/18 (n = 1, . . . , 18) in the unit disc D. The origin therefore projects to the center of an extremal disc. We denote by C n the side between v n and v n+1 , and by w n the middle point of C n , where subscripts are regarded as modulo 18.
The following lemma is shown by using the same process as [4, Lemma 5.3] . Note that d 2 = 2l +s, where l denotes the hyperbolic distance between the origin and a vertex v n , and s the hyperbolic length of a side C n (Figure 2 ). Proof. Whereas our proof is similar to that of [4, Lemma 5.4], we shall describe it without numerical values. We know that d(z, t n (z)) is less than or equal to the maximum of distances between a vertex of K n and its image by t n , and that
It is then obvious from the triangle inequality that 2R < 2l < R+l+s/2. Therefore we have d(z, t n (z)) ≤ R+l+s/2. Since R+l+s/2 < 2l+s = d 2 holds by the triangle inequality again, we have d(z, t n (z)) = d 1 = 2R.
Suppose that z ∈ K n is projected to the center of an extremal disc. In order to accomplish our purpose, we shall refer to a process to find the center of an extremal disc.
(1) According to a side-pairing pattern
for every n; (2) find intersections of these curves; (3) select every point ζ in the intersections such that d(ζ, t k (ζ)) is in the list of Lemma 3.1 for every side-pairing mapping t k of P j .
Applying this process to P j (j = 1, . . . , 144), we see that 22 side-pairing patterns admit two points and that the others admit a unique point. We can show that the two points (one is the origin) arising from the 22 patterns are transitive by some isometry f ∈ Aut ± (D) compatible with the side-pairing mappings. Since the origin projects to the center of an extremal disc, so does the other point. where α n,m and γ n,m denote the orientation preserving and reversing side-pairing mapping from C n to C m , respectively. Consequently, the projection π(ζ) is the center of an extremal disc.
The surfaces derived from P j (j = 1, . . . , 144) are not isomorphic to each other (see [4, Remark 5 .9]). Furthermore it is not difficult to determine the full group of automorphisms by the fact that the centers of extremal discs are fixed or interchanged by automorphisms (cf. [4, Corollary 5 .10]).
For example, Aut
, where σ, J 0 , and T are automorphisms induced by z → −z, z →z, and z → f (z), respectively.
